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1. Introduction 

It is well known ttiat superstrings are not consistent on any background field. In the 
simplest case of a closed bosonic string coupled to a curved background, the quantum 
preservation of the Weyl symmetry implies that the background metric satisfies the Ein- 
stein equations plus a'-corrections. The Weyl symmetry preservation can be seen as the 
absence of ultra-violet (UV) divergences in the quantum effective action |^]. 

In the case of superstrings in curved background, the preservation of Weyl symmetry 
at the quantum level is much more involved, although the case where only Neveu Schwarz- 
Neveu Schwarz background fields are turned on is very similar to the bosonic string case . 
Once we allow the full supersymmetric multiplet to be turned on, we need a manifestly 
super symmetric space-time sigma model in order to study the corresponding quantum 
regime. The Green-Schwarz formalism provides us with a sigma model action which is 
manifestly space-time supersymmetric, nevertheless, one does not manifestly preserve this 
symmetry if one tries to quantize. 

There exists another formalism for the superstring which does not suffer of this dis- 
advantage, known as the pure spinor formalism 0. In this formalism the space-time 
supersymmetry is manifest and the quantization is straightforward by requiring a BRST- 
like symmetry. We will briefly discuss the basics of this model in section 2, now let us 
mention what have been done to check the consistency of this formalism. The spectrum of 
the model is equivalent to the Green-Schwarz spectrum in the light-cone gauge |^ and it 
also allows to find the physical spectrum in a manifestly super-Poincare covariant manner 
[P. The pure spinor formalism is suitable to describe strings in background fields with 
Ramond-Ramond fields strengths turned on, as it happens on anti-de Sitter geometries. 
In this case, it has been checked the classical and the quantum BRST invariance of the 
model as well as its quantum conformal invariance (see also and [1T0[] ). 

The superstring in the pure spinor formalism can be coupled to a generic supergravity 



background field, as it was shown in |Tl[] , where a sigma model action was written for the 
Heterotic and Type II superstrings. Here, the classical BRST invariance puts the back- 
ground fields on-shell. In the heterotic string case, the background fields satisfy the ten- 
dimensional N=l supergravity equations plus the super Yang-Mills equations in a curved 
background. In the type II case, the background fields satisfy the ten-dimensional type II 
supergravity equations. Of course, it could be very interesting to obtain a'-corrections to 
these equations in this formalism by requiring the quantum preservation of some symme- 
tries of the classical sigma-model action. Since the lowest order in a' BRST symmetry puts 
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the background fields on shell, one expects that the equations of motion for the background 
fields derived from the beta function calculation are implied by the BRST symmetry. This 
property was verified for the heterotic string, in whose case, the classical BRST symmetry 
implies one-loop conformal invariance [jl2|. In this paper we show that the same property 
is also valid for the Type II superstringi. 

In section 2 we review the type II sigma-model construction of [rT|. In section 3 
we expand the action by using a covariant background field expansion. In section 4 we 
determine the UV divergent part of the effective action at the one-loop level and finally, 
in section 5, we use the expanded action of section 3, to write from the UV divergent part 
found in section 4, the beta functions for the Type II superstring. Then we show that 
beta functions vanish after using the constraints on the background fields implied by the 
classical BRST invariance of the sigma-model actioni. 



2. Classical BRST Constraints 

The pure spinor closed string action in flat space-time is defined by the superspace 
coordinates with m = 0, . . . , 9 and the conjugate pairs (pa, 6*"), (Pa, with (a, a) = 
1,...,16. For the type IIA superstring the spinor indices a and a have the opposite 
chirality while for the type IIB superstring they have the same chirality. In order to define 
a conformal invariant system we need to include a pair of pure spinor ghost variables 
(X'^jiVa) and (A",^^). These ghosts are constrained to satisfy the pure spinor conditions 
(A7"^A) = (A7"^A) = 0, where 7^ and 7^ are the 16 x 16 symmetric ten dimensional 
gamma matrices. Because of the pure spinor conditions, u and u are defined up to du = 
(A7"^)Am and du = (A7"^)Am. The quantization of the model is performed after the 
construction of the BRST-like charges Q = jX^da^Q = § X^d^, here da and d^ are 
the world-sheet variables corresponding to the N = 2 D = space-time supersymmetric 
derivatives and are supersymmetric combinations of the space-time superspace coordinates 
of conformal weights (1, 0) and (0, 1) respectively. The action in fiat space is a free action 
involving the above fields, that is 



There is a more recent development [13| with an even richer world-slieet structure, called non- 
minimal pure spinor formalism, which is interpreted as a critical topological string. Nevertheless, 
in this paper we restrict to the so called minimal pure spinor formalism of Q. 

^ In a similar way, using the he hybrid formalism [p!4[, in [ |15| | and |16[ | were derived the type II 
4D supergravity equations of motion in superspace by requiring superconformal invariance. 
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S=^jd^^ {-dX^dXm+Pc.de'' +P^de'') + Spure, (2.1) 

where Spure is the action for the pure spinor ghosts. 

In a curved background, the pure spinor sigma model action for the type II super- 
string is obtained by adding to the flat action of ( |2.1|) the integrated vertex operator for 
supergravity massless states and then covariantizing respect to ten dimensional N = 2 
super-reparameterization invariance. The result of doing this is 



+d^d^P''^ + {X'up)d^^l^ + (A"S^)rf^C^^'^ + {\''Uli){X'u^)S^-^PI') + Spure + SpT, 



where = dZ^EM^^,!^^ = OZ^^Em^ with Em^ the supervielbein and Z^'^ are the 
curved superspace coordinates, Bba is the super two-form potential. The connections 
appears as = BZ^^VLmJ = iT^OAa^ and O^^ = dZ^^Mi/ = H^Oao^- They are 



independent since the action of (^]3) has two independent Lorentz symmetry transforma- 
tions. One acts on the a-type indices and the other acts on the a-type indices. Spure is 
the action for the pure spinor ghosts and is the same as in the flat space case of ( |2.1| ). 

As was shown in [ |1 1[| , the gravitini and the dilatini fields are described by the lowest 6- 
components of the superfields Ca^'* and C-^^^ , while the Ramond-Ramond field strengths 
are in the superfield P"^. The dilaton is the theta independent part of the superfield $ 
which defines the Fradkin-Tseytlin term 

= 7^ 1 d'^zr ^, (2.3) 



27r , 

where r is the world-sheet curvature. Because of the pure spinor constraints, the superfields 
in ( pj.2|) cannot be arbitrary. In fact, it is necessary that 

^aJ = ^aSJ + lnAab{r')J. ^Aa^ = ^A^^ + \^Aab{rV, (2.4) 
SoJ~^ = SbJ&^+ ^^a6(7"')a^5a^+ 7^a6(7"')^5/ + 1 S ^BedirV {I'V ■ 
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The action of (|2.2|) is BRST invariant if the background fields satisfy suitable con- 



straints. As was shown in [|Tl|, these constraints imply that the background field satisfy 
the type II supergravity equations. The BRST invariance is obtained by requiring that 
the BRST currents Jb = X°'da and Jb = \"da are conserved. Besides, the BRST charges 
Q = § 3b and Q = § Jb are nilpotent and anticommute. Let us review these properties 
now. 

2.1. Nilpotency 

As was shown in (see also [0), nilpotency is obtained after defining momentum 
variables in ( ^.2| ) and then using the canonical Poisson brackets. The only momentum 
variable that does not appear in ( |2.2| ) is the conjugate momentum of Z^'^ which is defined 
as Pm = {27Ta')5S/5{doZ^^) where do = ^{d + d). It is not difficult to see that Wq, is the 
conjugate momentum to A" and that is the one for A". Nilpotence of Q determines 
the constraints 

X^X^HapA = \^ y Raf3-f^ = X"X^Ra(3^^ = 0, (2.5) 

X'^X^Tafs" = A^A^T,^-^ = A"A^T«;3" = 0, 

where H = dB, the torsion Tab"' and Rabj^ are the torsion and the curvature constructed 
using flAp'^ as connection. Similarly, Tab^ and Rab^^ are the torsion and the curvature 
using ^j^-^^ as connection. 

The nilpotence of the BRST charge Q leads to the constraints 

A^%^^^ = V^^R^-^^' = X^n-R^-^^ = 0, (2.6) 
A^PT--," = A^FT--,'^ = A"Ff_-,~ = 0. 

ap ap ap 

Finally, the anticommutation between Q and Q determines 

H ^, = T = T = T j{< = X'^X'^R^^a^ = X"X^R _/ = 0. (2.7) 

apA ap ap ap -yap -yap \ ' 

Note that given the decomposition ( p.4| ) for the connections, we can respectively write 



RoCa^ = RDcSa^ + \RDCefi'y'^)a^, (2.^ 



RdCT^^ = RdcSt/ + ^i?DCe/(7'^)a^- 
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2.2. Holomorphicity 

The holomorphicity of Jb and the antiholomorphicity of Jb constraints are determined 
after the use of the equations of motion derived from the action ( |2.2| ). The equation for 
the pure spinor ghosts are 

VA" + A^(rf-C^"^ + X^u^Sp^"'^) = 0, Vu;a - {d-C^^ + A-c5^^,^^^)w^ = 0, (2.9) 
and 

VA" + + X'^upS^-^'^) =0, - (rf^C^^^ + A"a;^5„^^^)^ = 0, (2.10) 

where V is a covariant derivative which acts with O or O connections according to the 
index structure of the fields it is acting on. For example, 

VP"^ = ap"^ + P^^O^" + P"^0/. 
The variations respect to and d-^ provide the equations 

n° + c/'^p"^ + x^u^c^'^" = 0, - dfsP^" + x^LOfsCj" = o. (2.11) 

The most difficult equations to obtain are those coming from the variation of the superspace 
coordinates. Let us define — 5Z^'^ Em^, then it is not difficult to obtain 

dU^ = da^ - a''U^EB^'Ec^d[MEM]^{-lf^''+^^. 
Here we can express this variation in terms of the connection O . In fact, 

5U^ - Va^ - a^'U^'iTcB^ + Obc^(-I)''^). 

There is a point about our notation for the torsion that we should make clear. Using 
tangent superspace indices, the torsion can be written as 

TbC^ = -EB''{dNEc'')EM'' + (-)^^i?C^(aA.i?B^')i?M^ + O^C^ " (-)^^OcB^. 

(2.12) 
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In our notation, Tbc"' will mean that the connection in (|2.12| ) is O^/?" while Tbc°' means 
that the connection in (|2.12| ) is fl^-^"^. Since we also have two connections with bosonic 



tangent space index Qcb"' and Oc^", we use Tbc"" to denote the torsion when we use the 
first and Tbc"' to denote the torsion when we use the second. 

We vary the action ( |2.2|) under these transformations and, after using the equations 
( ^■1U| ), ( I'i.llD and some of the nilpotence constraints, we obtain 



Vda = -^n"n'(T,(,„) + H^ta) + ^n^n"(T^„„ - Hp^a) - dpU^TaJ (2.13) 

+dpd-{P'^TsJ - V^Pf^) + V'^^dsiVaCf' + CfPTpJ + P'^^^f) 



and 



vd^ = -ln«n'(T^(,„) + H^,a) + ln'^n^(T^_„ + h^j - d^w^T,^^ (2.i4) 



+dpd-{p('~'T-^-~ - V^P^") + Xf'uj^d-.iV^Cp'^'' + C(3^~pf-jJ - PP~'Rp-^p^) 

+'Pu-dsiVaCf' + P'^Rj^f) - Xf'u^X'upiV^S^fP + Cfs^^R^f + C/'^R^^p^). 

From these equations, ( p.9| ), ( |2.10| ) and also two equations in ( p.7| ) we obtain the holomor- 
phicity constraints. In fact, Vjs = implies 

Ta{ab) = Haab = T^pa — H^Pa = Taot^ = Taa^ + P'^^T^a.a = X°'X^Raalf = 0, (2.15) 
aoL(3 p oota -'- 7a ~ 2 -'-'07a ^ Set (5 13 poa ^ -'-Oct ^ a.^ 
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VaCf' + CfPTpJ + P^'^R^^f - Sj^ = A"A^(V„C^^^ - PP'Rpafi^) = 0, 
X'^X^iV^Sp-f-p + Cp-^^R^J + C/^i?..^-^) = 0, 
and V jB = implies 

T^iab) = H^ab = T-^„ + H--^^ = = T,^" - Pf^T^a = ^''^''RaT.f = 0, (2-16) 

Ra^p'-Cp-'T-^^^ = T^^+\P'~'H--,^ = R^^p'+lc,-'H^p^ = PP'^J^-V^P^+C^^P = 0, 
V^Cp-^'' + Cp^~PT-jJ - PP'^Rp-^p^ - Sp^-^'' = A^^(V^C/^ + P'^'R^f) = 0, 
X^^{V^S,f^ + CsP^R^f + Cf'^R^^sn = 0. 

2.3. Solving the Bianchi identities 

We can gauge-fix some of tlie torsion components and determine otliers tlirougfi tlie 
use of Bianchi identities. It is not necessary but it will simplify the computation of the 
one-loop beta functions. As in [|ll|, we can set H^p-y = H^p^ = H^-^- = H—-^- = since 
there is no such ten-dimensional superfields satisfying the constrains of ( |2.15| ) and ( |2.16|) . 
We can use the Lorentz rotations to gauge fix Tap"" = j^p and T—-^"- = 7^-, therefore 
the above constraints imply H^pa = (7a) a/3 and H—-^^ = — (7a)_-g. We can use the shift 
symmetry of the action ( p.2|) 

ds^f' = c^-'Pdh--/ + d/pdnpo,\ 

to gauge-fix T^^p^ = T--^^ = 0. 

The Bianchi identity for the torsion is 

(VT)^BC'^ = ^[aTbc]^ + T[ab^Tec]^ - R[abc]^ = 0, (2-17) 

where brackets in ( |2.17| ) mean (anti-)symmetrization respect to the ABC indices. The 
curvature will be i? or if the upper index D is d or 5 respectively. When D = d, we use 
the notation {'VT)abc'^ or {'VT)abc'^j if we use the connection O^c" or O^c"; then the 
curvatures in each case will be R or R. 
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The Bianchi identity (VT)q,^^" = implies T^ab = '2{'yab)a^^i3- Similarly, the Bianchi 
identity J VT)^^" = implies %ab = 2(7„fc)^^0^. The Bianchi identity (VT)^^" = 
implies Oa = T^a^ = 0. Similarly, the Bianchi identity (VT)a^-y" = implies = T^a^ = 
0. It is not difficult to show that the constraints T^a" = T'aa" = imply = = 0. 

We can write two sets of Bianchi identities for H depending on what is the connection 
we choose in the covariant derivative. Note that the components of the superfield H do 
not depend on such choice. The Bianchi identities come from VH = and VH = and 
it is not difficult to check that both sets are equivalent. Let us write only one of them 

{'VH)abcd = ^iaHbcd] + 'j^[AB Hecd] = 0. (2-18) 
There is one more Bianchi identity involving a derivative of the curvature 

{'^R)abcd'' = VR[abc]d'' + T[ab^Rfc]d'' = 0. (2.19) 

The identities (Vif)«/3^5, (Vif)^^^^, (Vif)^^-^, (Vil)^^^, (Vif)-^-^ are easily satis- 
fied if we recall the identities for gamma matrices 7"Q,/3(7a)7)5 = 7^-^(70)^)5 = 0. The iden- 
tities (V-ff)aa/37, (V-ff)aa/37, (V-^)aa^' (^-^)aa/37 are Satisfied after using the dimension- 
I constraints. The identity (VH) aba/3 = implies Tabc + Habc = and the identity 
(V-ff)^^-^ = implies Tabc — Habc = 0. The identity (V-ff)^^^^^ = is satisfied if we use 
the constraints involving the superfield P"^ in the first lines of (|2.15|) and (|2.16| ). 



2.4- The remaining equation of motion 

In the computation of the one-loop beta function we will need to know the equation 
of motion for and II". Since we know that the difference VIl" — VII" is given by the 
torsion components, then we only need to determine VIl" -|- VII" which is determined by 
the varying the action respect to cr" = SZ^^ Em"" ■ To make life simpler we will write this 
equation using the above results for torsion and H components. The equation turns out 
to be 



^(Vn„ + VUa) = ^U'U"H,ta - ^U^u'T^ab + C^aHV^," + X'' U Raba^ (2.20) 



^P^"T^„,) + A"S^n''(i?„fe^^ + ^C^^T^ab) + \d^Ii^Tap'' + ^ A^S^n^i?,^, 



2 " af3 ' 2 ^P"-^ -"-070? ^ ^a^ij 

+ rU^d^{VaCJ'' + P-^'RasJ) + X"UpX~UjiVaSc.^''' - C^'PRapa" ' C^'^Ra-Jry^' 
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2.5. Ghost number conservation 



As it was shown in [11 1, the vanishing of the ghost number anomaly determines that 



the spinorial derivatives of the dilaton superfield $ are proportional to the connection 



O. This relation is crucial to cancel the beta function in heterotic string case fl^ and 
will be equally essential in our computation. Let us recall how this relation is obtained. 
Consider the coupling between ghost number currents and the connections in the action 
(U). Namely 



— [ (fz M + jn). 

Txa' J 



2'Ka' 

The BRST variation on this term contains the term 



Tia' J 



The anomaly in the ghost number current conservation turns out to be proportional to the 
two dimensional Ricci scalar, as noted by dimensional grounds. The proportionality can 
be determined by performing a Weyl transformation, around the flat world-sheet, of the 
anomaly equation. In this way, the triple-pole in the OPE between the current and the 
corresponding stress tensor yields 

Va$ = 40„ = 40^, (2.21) 

which will be used in section 5 to cancel the UV divergent part of the effective action. 

3. Covariant Background Field Expansion 



We use the method explained in [18| and |12]. Here, we need to define a straight-line 
geodesic which joins a point in superspace to neighbor ones and allows us to perform an 
expansion in superspace. It is given by which satisfies the geodesic equation AF^ = 
Y^V = 0. The connection we choose to define this covariant derivative has the non- 
vanishing components ^Ao^ i ^Aa^ and VLAa^ ■ These same connections are defined in the 
action (|2.2|). In this way, the covariant expansions of the different objects in ( |2.2| ) are 
determined by 

An^ = VY^ - Y^'u^'TcB^, An J = -y^u'^RbaJ, AhJ = -y^n^^BAa^. 

(3.1) 
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Any superfield \E' is expanded as A\E' = a^- 

As in we see that da, da and the pure spinor ghosts are treated as fundamental 



fields, then we expand them according to 

da = daO + da. A" = Aq + A", OJa — ^aO + '^a, (3-2) 
da = daO + da, A" = Ag + A , UJa = UJ^O + t^aO 5 

where the subindex means the background value of the corresponding field which will 
dropped in the subsequent discussion. 



The quadratic part of the expansion of ( p.2| ), excluding the Fradkin-Tseytlin term, 
has the form 



^2 = + ^ y d^z {Y^Y^'Eba + Vy^CsA + Y'^VY'^Cba + daY^DA^ (3.3) 



+daY^DA'' + (X"Qp)Ha^ + {X ^g)H^ + (X"iVp + X"Qp)Y^lAj + {X Ug + X''Ug)Y^lAa'' 



;^)H^ + (X''ujp + X''Qp)Y^7Aa^ + {X , 

+dad-^p'''^+{rup+x''Qp)djCa'^Hx'i:ji^^^ 

where Eba, Cba, ■ ■ ■ are background superfields given by 

Eba = ^n^n^(TcB^i?i.DA(-l)^(^+^) - ToB^'HECAi-l)'''' (3.4) 

+ VBi^DCA(-l)^(^+^^ + 2TcB'^T^Aa(-l)^(^+^^) - -U(^lf\RcBAa - TcB^^TnAa 
+VBTcAahlf'') + Idalf i-RcBA'' + TcB^'Toa'^ " VfiTc^" (-l)""^) 

+ ^4n^(-l)^+^(-i?CBA" +TcB^T,,^^- VbTca"(-1)^^) + Ix"upU''{Tcb''RdaJ 

-VbRcaJ{-1)'''') + ^A-5^n^(TcB^i?DAa^- VBi2cAa^(-l)''^) + ^rf^rf^VfiV^P"^ 

+ ^X-u;pd-WBVACa'^i-l)^+''+lx''u^d^VB'^ACj^^ 



Cba = — ^n^Tg^a — -Il'^TcAaS% — -U^^HcBA — -daTBA^'i — 'i-)^'^^ — -X'^UjsRBAoL^ , 

(3.5) 
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Cba = —^^^TBAa — TcAaS% + -U^HcBA — -^daTBA°'{ — ^)^^^ — -^^"^^pRBAa^ , 

(3.6) 

Da"" = -U^'Tba" + %VaP°^(-1)^ + X^u^VACf'', (3.7) 



Da^ = -U^'Tba^ - dpVAP'^i-l)^ + A^c^^VaC^^", (3.8) 

HJ = nj + d-Cc,^\~u^S^^^~\ (3.9) 

= O^^ + d^C^'^^ + X^uJsS^^^'^, (3.10) 

IaJ = -TI^RbaJ + d-V aCo.'^ i-l)^ + FS^Va^,/^, (3.11) 

Iat/ = -n^^BAa^ + c^^VaC/^(-1)^ + X'^usVAS-y^^'^. (3.12) 
In ( |3.3|) Sp provides the propagators for the quantum fields and is given by 

= / dw^VYa + d^VY^ + I^VF") + Cpure: (3.13) 

where Cpure is the Lagrangian for the pure spinor ghosts. 



4. The one-loop UV divergent Part of the Effective Action 

The eflFective action is given by 

e-^-fi = j DQ e"^, (4.1) 

where Q represents the quantum fiuctuations. 

To compute the one-loop beta functions we need to expand (|2.2| ) up to second order 
in the quantum fields. In this way, we will obtain the UV divergent part of the effective 
action, Sa. Here A is UV scale. Note that the Fradkin-Tseytlin term is evaluated on a 
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sphere with metric Adzdz. FinaUy, the complete UV divergent part of the effective action 
becomes 



Sa + ^ [ d^z {vu\a^ + n^n^VfiV^*) log a. (4.2) 

Zn J 

The computation of S\ is performed by contracting the quantum fields. From ( |3.13| ) 
we read 



Y''{z,z)Y\w,w) ^ -a'r]''^log\z-w\^, d^{z)Y^{w) ^ " d^{z)Y'^{w 



z — w)' {z — w) 

(4.3) 

For the pure spinor ghosts we note that, because of ( |2.4|) , they enter in the combinations 



We can expand each of these combinations as J + Ji + J2, similarly for J, A^"^ and A^"^. 
As in |]12|, the only relevant OPE's involving the pure spinor ghosts and contributing to 
Sa are 

N^\z)Nf(w) ^ {-r]''^^N'^^\w) + r]''^^N'^^''{w)), (4.4) 

[z — w) 

N^\z)m'^(w) ^ A -rf^^N'^^^{w) + rf'^^N'^^''{w)). (4.5) 

\z — w) 

The one-loop contributions to Sa come from self-contraction of Y^\ in the term with 
Eba in ( |3.3D and a series of double contractions in (^.3|). These come from products 
between the term involving Cba with the one involving C ba-, Cba with Da^, C ba with 
Da^, Dj^ with Da^, Eba with P"^, IcJ with Cj'^, Ict/ with C^^^ and ^^^^^ with 
itself. After adding up all these contributions, the one-loop UV divergent part of the 
effective action is proportional to 

J d^Z [-7]'''E,a+V''^Y^'CtaCdc + V'''C[ac.]Db''+V^^^^^ (4-6) 



where we used the expressions (^ 

Now it will be shown that (^]^) vanishes as consequence of the classical BRST con- 
straints. 
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5. One-loop Conformal Invariance 

^ 

To write the equations derived from the vanishing of ( [4 .61) , we need to determine VII 



from the classical equations of motion from (|2.2|) . In order to do this, we need to know 



vn^ - vn^ = n^n^TcB^. (5.1) 

Note that we are using here the connection to calculate the covariant derivatives and 
the torsion components. 

The equation for Vila is 

vn, = um^Tabc - n^n'r^a, + ^n'r,," + djfTab'' + x^u^u'RatT/ + x'^uj/su'RabJ 

(5.2) 

+ X'^^d^{VaC^^^ + P^'^R-sJ) + A°W^A"5^(V„5«^^^ - C^'PRapJ - CjPRaJPy'). 

——ex. 

Now we compute the equation for 11 . We start by noting that this world-sheet field is 
determined from the equation of motion ( |2.11| ), then 

vn" = -vid-^P"^ + x^u-cf''). 

Remember that the covariant derivative on P"^ and C^^'^ acts with Oq,^ on a-indices 
and with O^^ on a-indices. Now we can use the equations ( p.lO|) and (|2.14|) to obtain 



VTT" = dpdjiCf'^ P""^ + pf^^VgP""^) + X^u^dgi-Spf^P'^P + CfB'^PVpP''^) (5.3) 

-(i^n"VaP°^ - c^n^v^P"^ + x^^^^^dsic/^CjP'' - c/'^c/" - p^pVpCf"" 

-P''~\VjCf'+P'%jf))+Xf'uj^X%{S^f^C^''-Sf3^^P 

+Cp^^R^f + cf^R^-p^)) - F^n"(v„c^^" + R^jfP'^'') - ^^u-n's,-^"'^. 

To obtain the equation for II" we can use ( |5.1D . After all this we get 



vn" = dpd-{Cs^^P^" - P^-'VsP^") + X'^u-dsiS^/'^PP" - Cg^PVpP^") (5.4) 



^7" 



+P^~'{VjS^-f~P + Cp^^R^/ + Cf'^R^-.p^)) - Xl'u^TCiVaCp'^'^ - Raep^Pn 

-xfuj^ifSp-f'' + n^nVa^ - n^ffT,^" - rf^n«p^^T„/ - x^u-wcf^'Tas^. 
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5.1. Beta functions 

Now we can obtain the equations for the background fields imphed by the vanishing 
of the beta functions. These are the background dependent expressions for the conformal 
weights (1, 1) independent couphngs in (|4.6[) . That is, aU the independent combinations 
formed from the products between (H", H", da, A^w^) and (II", II", rf^, A"u3^) because 11° 
and are determined from the equations of motion ( |2.11D . Let us first concentrate on 
the beta functions coming from the couphngs to U^U , dall and H'^d-^ fields. After 
using the results for the expansion (pI^ ) - (|3T2D and the equations (|5.2| )-(|5^) in (^?^), the 
couplings n"n^,n"n ,n"n^ and n^n lead respectively to a first set of equations 

TjTsa' - TjTjf + 4V„V^$ = 0, (5.5) 

V'Tadb + i^adeb??^' + TJTsc." + 4VbVa$ = 0, (5.6) 
R-pdea^"" + - TjTsa' + 4V„V^$ = 0, (5.7) 

r?^''(i?acd6+i?bcda)-V^T„6,+T,(,"T,),^+8T,«^T,/+4T„fe^Vc$+4T„,°^^ 

(5.8) 

We wrote them by increasing their dimensions, that is, if X"" has dimension —1 and 
each have dimension — then the first has dimension 1, the second and third 

dimension | and the fourth dimension 2. The couplings to da 11^, W^d-p, doJ^ and 11°' d-^ 
lead respectively to a second set of equations 

V^T^-f - 2V^P"^Vy$ + 2P"^V^V^$ = 0, (5.9) 
V^T^J + 2VaP^^V-y$ - 2P^^V^ Va$ = 0, (5.10) 

+2Tf,e''V^$ - 2V6P"^V-$ = 0, (5.11) 
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+2T„/V^$ + 2VaP^^V^$ = 0. (5.12) 

The first two with have dimension 2 and the second two have dimension |. Now we will 
prove that these equations are implied by the classical BRST constraints, the Bianchi 
identities (|2.17[) and the relations (|2.21J ). 



Firstly, it is important to know the expression for the scale curvature in terms of the 
scale connection. This are found to be 

Rab = Tah'^-f, RaP = Va^/?, -R^^ = T^p'^Q^. (5.13) 
Rab = Tab~n-, R- = Vjl^. Rap=Tap~VL-. (5.14) 

Secondly, let us write some expressions useful for later use. We note that the Bianchi 



identity iyT)aab^ = 0, using (|5.13|) can be written as 



Ra[ab\c — '^oTabc — '2{lc[a) Rb]P + {lc)af3Tab^ — T^dcTab'^ — Tc,[a'^Th]dc, (5.15) 

now, we can use the identity 

^Rotabc = Ra[ab]c + Ra[ca]b — Ra[bc]a^ (5.16) 

and the Bianchi identity (V-ff)aaf)c = to write ( |5.15|) as 

Raabc = T„[6^(7c])/3a - 2{-fbc)jRap. (5.17) 

An identical procedure starting with (VT)^^;,'^ = allows us to find 

^aabc = r„[/(7c])^^ - 2i^bc)jR^-j3- (5-18) 
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Then, replacing ( |5.17[ ) and ( [5.18| ) respectively in (VT)aa/3^ = and (VT)^_^^ = 0, we 
find 



(5.19) 



We have enough information to show that the equations ( p. 5] ) , ( |5.6D and ( |5.7D are 
satisfied. From the Bianchi identity (VT)q,/3^^ = we obtain 



Since we need an expression for R-^pcd, we can use (VT)^-^^^ = 0, finding 



(5.20) 



£7- 



(5.21) 



Replacing (|5.21|) in ( |5.2C1| ) , using the second equation in ( |5.13| ) , Va$ = 40q, and the 
constraints coming from holomorphicity-antiholomorphicity of the BRST current T^^^ = 
-{7a)i3sP^'', T^-p^ = (7a)^P^'^ we can verify the equation (|5T5|). 

To verify ( |5.6|) and ( p77|) , we must contract the a and h indices using ry"^ in (|5.17|) and 
( ^.18|) , and use (|5.19|) together with the relations ( p.21|) . 



For deriving the remaining equation of the first set, the coupling to n"n , it is useful 



to find an expression for Rahcdi which can be found from the Bianchi identity (VT)( 



ha 



Rabcd — - - {led) aTab^ - T^.j^'^T^jg^ - T^f^'^Tfc]^ 

from this equation we construct rj'^'^{Racdb + Rbcda)'- 

ri'^Racdb + Rbcda) = -\Tl'\ldb)p''V^Tj + (Tda)/?" V^T,, 



(5.22) 



+ ^r?^^[(7rf5)^°T,[/T,]/ + (7da)/?"T„[/T,]^ 



(5.23) 



Let us consider the right hand side of ( |5.23|) line by line. We can use ( ^.19|) , the Bianchi 
identity {yR)a.a5ff to write 



(7,)^°Vai?a5 = -2VaV6$ " 2T„,^V^$ - 2{^blaeY^^pR'' 5 " {l alb) fi' P^'' Re5 . (5.24) 
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and the beta function with dimension 1 ( ^.51) to find the foUowing expression for the first 
fine in the right hand side of ( |5.23D 



(5.25) 

Finding an expression for the second fine is a matter of gamma matrices algebra, once 
we use ( ^.131 ) . For this fine we find \r]abTpcdT'"^^ - |Tc(„^T;,)^''. Using Tap'^ = 



~i'la)i3sP^^ and some gamma matrices algebra, it is straightforward to find Tpi^f^Ti,)-'^ — 
jVabV'^'^'^dp'^Tcj^ for the third line. So, adding the results for the three lines and using 
( pj|) we find 

V'^'iRacdb + Rbcda) = -4V,V„$ - T,(/T,)^^ + 2T„,^ Ve$ + T^(a"T,)/, (5.26) 

which contains some of the terms in (|5.8D . It is also needed to use {VT)abc'^ = in order 
to generate the term V^Tabc- This Bianchi identity gives 

V'^Tabc — Tf.[a^Ti,-^^^ — TcJa'^T^Je'^ — 1]'^'^{Racdb — Rbcda) = 0. (5-27) 

Finding an expression for rj^'^{Racdb — Rbcda) is not difficult following the description given 
to compute ( |5.26| ) . After we compute it and replace it in ( |5.27| ) we find 

V'Tabc + Tf3[a\/ - 2T„;,"Vc$ + 2T„;,W^$ - 2T„,"V-$ = 0. (5.28) 



Combining (|5.26|) and (|5.28|) gives the desired beta function equation (|5T8|). 



A similar procedure, but with more steps, is performed to prove the equations of the 
second group. To probe ( [5.9| ) one can start by computing {Va, V^}P'^^ = —'jl-j^V cP'^^ + 
R-j^f^P^^. Then we split the curvature as a scale curvature plus a Lorentz curvature. For 
the latter, use (VT)-^^'^ = to obtain 



^^cd(7'')/ = -ISOV^O^ + (7'')/V^T^,, + IQTf'T^^a + (7^'7^)^^Teed, (5.29) 
so on one hand we will have 
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-Af^^aff'P'^'' + ^(7^"7^)5^recdP^' (5.30) 

On the other hand, we can use V^P^^ = C^^^^ , = and C^d'^ = I /l^iTV"^ Racked, 

which come from antiholomorphicity of the BRST current, to write 



{Va, V^}P^^ = -17V^P^^0^ - 17P-^^V^0^ + ^{rV'V^iRaccdil^^^). (5.31) 
Using {VT)abcd = and (V-ff)abcd = it is straightforward to find 

{I'^V'^Raccd = 10T,rf^ - lOP^^lled. (5.32) 



Since there is a derivative acting on this terms in (|5.31|) , we make use of (VT)^^^'^ = to 
find 

(7'^)/v^T,d^ = -ISV^Trf^^ + (7^^^)-5T,erfP^^ + IQT^cdTdc^. (5.33) 
We can now replace the last two equations in ( |5.31| ) and equate it to (|5.30|) . The identity 



(7"')(a^(7a6)T)' = -105(^^5^)^ + 8(7")^(7a)^', (5.34) 



which can be proved using (7")^_^(7a)_^^ = 0, will be of help to find (pT9|). A completely 
analog procedure allows us to arrive to (|5.10|) . 



To prove ( |5.11|) we make use of the Bianchi identities {yR)aab(3'^ = 0, {'VT)cap'^ = 
and the identity {'ja)'^^ R^pj^ = -2(7„)"^P^^^'5, which follows from {VT)^p^^ = 0, to 
arrive to 



(7)"^(VaPab/?^ - 2T,[/P,],^^ - T^[a'Rb]-ep'') - 8Tb"^T„ J + 8V"T„,^ + 2T„fe^V'^$ 

-lhrHr'')e''Rc.f}cdTab' + TJirr^R-ecP^ = 0. (5.35) 

o 

The last term in this equation is zero as can easily seen using (VT)^^^''' = 0. The first 
term can be worked out using (|5.22| ) and (VT)^^^''' = 0, the curvature in the first term 
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of the second line can be rewritten using (VT)^,^^^ = 0. The use of (VT)cdb^ = wiU be 
also needed to generate ( [5.11| ). Again, an analog procedure will allow at arrive to ( |5.12| ). 

So far, we concentrated on a specific set of beta functions. The remaining ones can 
be classified in a third and fourth sets. The third set involves first order derivatives of the 
curvatures. We present it again as the dimension increases. 

At dimension 5/2 we find respectively from the couplings to JH^ , 11" J, N°-'^Il^ and 

V'^i?„^ + V(^i?^)^P^^ + 2(V^C" - i^^^P^") + 2C" = 0, (5.36) 
V'Rta - V^sR^reP''' + 2(VaC^ + R^^P^^)Vi3^ + 2C^V^V„$ = 0, (5.37) 
^'Rd-pac + ^ijR-macP'~' + 2(V;3C„,^ - P^^) + 2C„/v^V^$ = 0, (5.38) 

V'Rdcbc - V^sRcTebcP''' + 2(V«ac'^ + R^-s,^P''~')V^^ + 2ajV^Va$ = 0. (5.39) 
While at dimension 3 we find respectively from the couplings to JU^ , II^J, A^"*^!!^ and 

VRab - Tha''R\ + T,a^R% + 3T,^« V„C" + 2i?,,V^$ + 2P,^P^- 

+2(Vi,C^ - Va$ + P^'i^eRsb + Tu'R-ec + T^e^ RSj) = 0, (5.40) 

V^'Rba + Tab~R\ + Tabc&T5''' + 3T„/v^C^ + 2P„,V'$ - 2P„^P^^V^$ 

+2(V„C^ + Ra^P^)Vp^ - P'~'{V5R-ea + Tsa'Rlc + Ta5~R^) = 0, (5.41) 
^'^Rdbac — Th'^^Rdeac + T^^^ Rdeac + 3Tj^^''' V^Cac'^ + 2RbdacV^^ + '^PbSac^'^^^ 
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+2iVbCac^ - RbeacP'^)V^ + '^RbSea^^c"^ + P^'i^eRsbac + TbS^ Rlfac + Tbj'' Rsjac) = 0, 

(5.42) 

W^Rdabc + Ta'^'Rdebc + TadfCbc'T/f + ZTas'V^bc^ + 2Radbc'^'^^ - 2RaSbcP^'^e^ 
+2{VaCbJ + Ra-ebcP^')Vs^ + 2RaSebCc'^ - P^\VsReabc + Ta5^ Rjfbc + TaS^Rwybc) = 0. 

_ (5.43) 

The fourth set involves second order derivatives of the background fields P'*^, , 
Ca^'^ and . There is an equation at dimension 3, coming from the coupling to da.d-^ 

-2(PT^V^P"^ + P"^VjP^^) + 2{P^^VsP°''^ + P-^^V^P"^) = 0. (5.44) 
At dimension 7/2 we find respectively from the couplings to Jd^, daJ, N^-^d-^ and d^N^'^ 

V^C^ _ P«^V[«V^]C^ - Ta^R""" + 2R^''VaP^^ + 2VyP'*^VaC^ - C^Ras/P^' 
+P"^(VcPa^ - '^[sRj]aP^V - '^{'^aC^ - P^^Ra^)^""^ - 2(P"^VaC^ + P^^VaC^ 

+P'''^RajP^^)V^ + 2{SP"^ + ^Scdil'^VP"' - C^VjP"'^)Va^ = 0, (5.45) 

V^C'* - P^^V[^V^]C" - Tbc^P'"^ - 2%''V6P"^ - 2VyC^V;3P"^ + C'^Rfj^s^'P^' 
-P"^(VcP/ + VfjP^j^P'^^) - 2(V6C'^ + P''^Rb^)V^^ + 2(P'*^V^T + PT^V^C'* 
+P°''R^P^^)Vy^ - 2(5P"^ + ^-Scd(7'='^)e"P'^ - C'TV-YP"^)V;g$ = 0, (5.46) 

V^Ca/ - P'~'V^s^^faf - RdeacT''''^ - 2PdeacV'^P^^ + 2V^P^^VeC„/ - Cac^R^s/ P'~' 
-P^^(V^Pd^ae - Vl^P^j^^e^^'V 2P^^^^Ce^^) + 2V^Ce/Cc"' -2{V dC af - P''^ Rdeac)'^''^ 
-2{Cac'VsP^^ - SacP^~^ - \Sacbd{l'VP^~')^l^ 
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-2(P^^V^Cac'^ + P^^V^Cac^ - P'f^Re-yacP^'^)^s^ = 0, (5.47) 

-P-'^{V%-^,^ - V^sR^^-^,P'-^ + 2%,^,Ce^^) + 2 V,a,"Cc^^ - 2( V^ae" + i^^^%,e) 
+2(C6e'V5P«^ - S,,P^^ - \Sadbc{r%''P'^)'^^^ 
+2{P''N^CkJ + P^N^bc"" + P'*^^e76cP'^^) Vj^ = 0. (5.48) 

Finally, at dimension 4 we find from tlie couplings to JJ, JN"-^, N"-^J and N"'^N'^^ 
respectively 

- P'5^V[5Ve]5 - i?"^^a6 + 25^^V"C^ + 2RapV''C'^ - 2VaC^V^C° 
-C^(V"i?a;3 - P'~'V^5Re]l3) ' C'^i^'^Ra'^ ' P'"^ [5^^]^) + 2(C«i?f,o + C-^f,a)V''$ 

-2(C« V«^^ + P^^(V«>S + C^^^ + C^R^-^))^p^ - 2(C« VaC^ - P'^^(Va5 

+C~%c. + C'^i?^a))V;g$ = 0, (5.49) 

^'^Sac-P^'^'^ [d^^Sac-R'^'^Redac+'^RbSaJ^^^^ '^'^Rh6^^^ 

+2{Ca/Raf3 + C'^R^-^JV''^ - 2C^V^CaeW^$ + ASabCc'^Vy^ - 2C,/V^C^V-$ = 0, 

(5.50) 

^'^Sab — P^'^^[S^e]Sab~R'^'^Rcdab+'^RcSab^'^C^+2R^-^V'^Cab^—2V 

— C'^CV'^Rd'yab - P^'^'^lsRej'rab + '^P-fSea^^'^^) ~ Cab'^iS'^Rdri " P^'^'^ [sRzfi) 
+2{C'^Rdyab + Cab^Rdrfab)^'^^ - 2Cab^V^^W5^ + 4SacCb''~^Vj^ - 2C^W^Cab^Vj^ = 0, 

(5.51) 
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+2V-^SafcdCb^^+'i^ eSabcdCj^ — Cab'^{V'^ReZcd—P^^'^[5R^^^ 
-P'^V[sRj].ab) + 2{C,d'Reeab + - 2Cab^V-C,/V + 4SabcfCj'V,^ 

-2Ccd^V-yCab^V^^ + 4SafcdCb^~'Veb^ = 0. (5.52) 

Since the Bianchi identities allow to write the curvature components in terms of the 
torsion components, we expect that the beta functions of the third set will be implied by 
the eight beta functions already proven, i.e first and second set. In the same way we expect 
that the beta functions of the fourth set will also be implied by the first two sets of beta 
functions since the constraints coming from holomorphicity and antiholomorphicity of the 
BRST current allows to relate the background fields to some components of the torsion. 
This is not too hard to check in the case of lower dimension, for example, at dimension 
5/2 consider the beta functions coming from the coupling to JII^ 

V'^i?^^ + V(^i?^),P^^ + 2(V^C" - + 2(:7^V^V^$ = 0. (5.53) 

By using R^-^ = T^-^'^Q^ and R-^g = V^O^, which follow from the definition of the cur- 
vature, and = P°^^Vlon which follows from the antiholomorphicity constraints, we find 
that ( p. 531 ) can be written as 

{y^T^-f - 2V^P"~V-$ + 2P"~V-V^$)0« = 0, (5.54) 

so, the beta function (|5.9| ) with dimension 2 implies ( ^.53|) . Similarly we checked that 
( ^.10|) implies (|5.37|) and that the beta functions with dimension 5/2 ( |5.11| ) and ( |5.12| ) 
imply respectively the beta functions with dimension 3 ( |5.4U[ ) and ( [5.41| ) . 

We have not found proofs for the vanishing of the remaining beta functions, since 
this task becomes clumsy as the dimension increases. Nevertheless, given the above ex- 
planation, we consider our work sufficient to assure that the beta functions vanish as a 
consequence of the classical BRST symmetry of the action for the Type II superstring in 
a generic supergravity background. 
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